On the uniform bound of the index of reducibility of parameter ideals of a module whose polynomial type is at most one
Introduction
Throughout this paper, let (R, m) be a Notherian local ring, M a finitely generated R-module of dimension d. Let x = x 1 , ..., x d be a system of parameters of M and q = (x 1 , ..., x d ). Let n = (n 1 , ..., n d ) be a d-tuple of positive integers and x n = x n1 1 , ..., x n d d . We consider the difference
as function in n, where e(x; M ) is the Serre multiplicity of M with respect to the sequence x. Although I M,x (n) may be not a polynomial for n 1 , ..., n d large enough, it is bounded above by polynomials. Moreover, N.T. Cuong in [5] proved that the least degree of all polynomials in n bounding above I M,x (n) is independent of the choice of x, and it is denoted by p(M ) [8] , [17] ). It is easy to see that M is a generalized Cohen-Macaulay module if and only if p(M ) ≤ 0. The structure of M when p(M ) > 0 is known little and there is no standard techniques to study since the local cohomology H i m (M ) may be not finitely generated for all i ≥ 1. Even though the case p(M ) = 1, the proof sometimes is very complicate (for example, see [1] ). the module. The converse of this result is not true, the first counterexample is given by S. Endo and M. Narita in [10] . If M is generalized Cohen-Macaulay, S. Goto and N. Suzuki proved that N R (q, M ) has an upper bound, more precisely
for all paprameter ideals q of M (cf. [12, Theorem 2.1]). It is worthy to mention that if M is Buchsbaum, Goto and H. Sakurai in [11] showed that the inequality (⋆) becomes an equality for all parameter ideals q contained in a large enough power of m. In [9, Theorem 1.1], N.T. Cuong and H.L. Truong considered Goto-Sakurai's result for generalized Cohen-Macaulay modules. In fact, they proved that
for all q ⊆ m n , n ≫ 0. Recently, N.T. Cuong and the author reproved this result based on the study of the splitting of local cohomology (cf. [7] ). A generalization of Cuong-Truong's result can be found in [14] .
The aim of this paper is to extend the result of Goto and Suzuki for the class of modules of the polynomial type at most one. We show that if M is a finitely generated R-module such that
This paper is organized as follows. In Section 2 we recall the notions of the polynomial type of a module and the index of reducibility. This paper is inspired by the uniform property of the minimal number of generators of ideals in local rings of dimension one (cf. [15, Chapter 3]) which we mention in Section 3. By Matlis' dual we obtain a similar result for Artinian modules of dimension one. Based on this result we can give the proof of the main result by using the standard techniques of local cohomology in Section 4.
Preliminaries
We first recall the notion of the polynomial type of a module. Let (R, m) be a Notherian local ring, M a finitely generated R-module of dimension d. Let x = x 1 , ..., x d be a system of parameters of M and q = (x 1 , ..., x d ). Let n = (n 1 , ..., n d ) be a d-tuple of positive integers and
as function in n, where e(x; M ) is the Serre multiplicity of M with respect to the sequence x. N.T. Cuong in [5, Theorem 2.3] showed that the least degree of all polynomials in n bounding above I M,x (n) is independent of the choice of x.
Definition 2.1. The least degree of all polynomials in n bounding above I M,x (n) is called the polynomial type of M , and denoted by p(M ).
The following basic properties of p(M ) can be found in [5] .
( 
Recalling that M is called equidimensional if dim M = dim R/p for all minimal associated primes of M . The following result give the meaning of the polynomial type.
Theorem 2.3 ([4], Theorem 1.2). Suppose that R admits a dualizing complex. Then
.., X 2n ) where k is a field and n is a positive integer greater then 1. It is easy to see that R is not generalized Cohen-Macaulay but p(M ) = 1.
Remark 2.5. By [13] , there exists a local domain (R, m) of dimension two such that the m-
may be change after passing to the completion. This is the reason we use the notion of the polynomial type in this paper.
We next recall the object of the present paper. 
for all paprameter ideals q of M (cf. 
Modules of dimension one
Notice that p(M ) and N R (q, M ) do not change after passing to the m-adic completion. Therefore, in the rest of this paper we always assume that (R, m) is a complete ring. In this paper we consider (
We present some properties of the invariant c(M ). Proposition 3.6. We consider the following short exact sequence of finitely generated R-modules of dimension at most one
Proof. (i) immediately follows from the definition of c(M ).
(ii) Let N be a submodule of M such that v(N ) = c(M ). There are submodules N 1 and N 2 of M 1 and M 2 , respectively, such that 0
is a short exact sequence. Then
The main result
Recalling that we always assume that (R, m) be a complete Notherian local ring. Let E(R/m) be the injective hull of R-module R/m. Let A be an Artinian R-module. We have the Matlis' dual of A, N = Hom(A, E(R/m)), is Noetherian and AnnA = AnnN . In this section we say an Artinian R-module A of dimension t if its dual is a Noetherian module of dimension t, i.e. dim R/AnnA = t. It is well known that H For the study of dimension of an Artinian module on a general Noetherian local ring see [6] . We need the following lemma. Corollary 4.3. We consider the following short exact sequence of Artinian R-modules of dimension at most one
Recalling that a sequence of elements x 1 , ..., x k is called a filter regular sequence of M if Supp ((x 1 , . .., x i−1 )M : x i )/(x 1 , ..., x i−1 )M ⊆ {m} for all i = 1, ..., k. 
Proof. Induction on k, the case k = 0 is trivial. If k = 1, the short exact sequence
On the other hand we have the following exact sequence
Thus we have the short exact sequence
. By applying the functor Hom(R/m, •) to the above short exact sequence we get the following exact sequence
So the assertion holds true if k = 1. For k > 1 by induction we have
The proof is complete.
Remark 4.5. It should be noted that for every parameter ideal q = (x 1 , ..., x d ) of M we can choose a system of parameters y = y 1 , ..., y d which is a filter regular sequence such that q = (y 1 , ..., y d ). Indeed, by the prime avoidance theorem we can choose an element y 1 ∈ q \ mq and y 1 / ∈ p for all p ∈ AssM and p = m. Therefore y 1 is both a parameter element and a filter regular element of M . For i = 2, ..., d, by applying the prime avoidance theorem again there exists an element y i ∈ q \ mq ∪ (y 1 , ..., y i−1 ) and y i / ∈ p for all p ∈ AssM/(y 1 , ..., y i−1 )M and p = m. Thus we have a system of parameters y = y 1 , ..., y d which is also a filter regular sequence of M . The claim q = (y 1 , ..., y d ) is easy by the Nakayama lemma.
Applying for k = d in Proposition 4.4 and using Remark 4.5 we have the main result of this paper as follows. If (R, m) is a local ring of dimension three, then N R (q, R) is bounded above for all parameter ideals q of R (cf. [12, Theorem 3.8] ). Thus the class of modules for which the index of reducibility of parameter ideals is bounded is strictly larger than the class of modules of the polynomial type at most one. In [12, Example 3.9] Goto and Suzuki also constructed a ring of dimension four and the index of reducibility of parameter ideals are not bounded above. Notice that the ring of Goto and Suzuki has the polynomial type three. Therefore it is natural to raise the following question. 
